LIKELIHOOD RATIOS FOR DIFFUSION PROCESSES
WITH SHIFTED MEAN VALUES

BY
T. S. PITCHER

Let the stochastic process x(t) be the solution of the diffusion equation

(1) = f ‘G(f, x(r))dr + f ‘v(f)dy(f), 0si31,
0 []

%(0) = 0,

where y(f) is Brownian motion and a, a: and ¢ are continuous real-valued
functions satisfying

1) 0<e§ct(t)§l
€
and

R

—00

) o = [, 0
2 b_:;a(t) x) = az(t, %) = iue™ A(p, f) By

f A+ |u])| A, 0| du < K < .

The existence and uniqueness of solutions to such equations is proved in
[1, p. 277 ff]. Note that conditions (1) and (2) imply H1, H2, and H3 which
are assumed there. Let F be the set of functions on the space of continuous
paths from 0 to 1 of the form f(x) = f(x(ts), - - - , %(ts)) where f is a bounded
function on R* with bounded second derivatives and (¢;) are points in [0, 1].
For each real-valued function m on [0, 1] satisfying

©) m(t) = f "”'(S)ds, f l(m'(s))ﬁds < =,

we define a group T, of transformations on F by
ch(x) = f(x(tl) + am(tl)y ft x(tu) + am(t..))
and a set P, of probability measures by closing the functionals [fdP.= E(T.f)
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on F. (We will write P for P,.) It is not true in general that the P, are mu-
tually absolutely continuous nor even that the T, can be extended to meas-
urable transformations [3]. We shall prove that this is true under assumptions
(1), (2), and (3) and find a formula for log (dP./dP).

We define an operator D on F by

(D)) = % (Ta) () Joms)

and a function ¢y in Ly(P) by

onls) = j; O 1::?‘))0:(1, %(2) ay().

The existence of the stochastic integral ¢, follows from conditions (1), (2)
and (3) [1, p. 426 ff].

LEMMA 1. For any fEF

d
f $oTofdP = — f T.fdP.
da
Proof. Suppose 0<# << - - - <t,<1 and define
D) = exp {i 3 ae) + ixx(t)}
Jem=1
and
0,0 = [ o0, nap - i( > am(t) + xm(z)) [ 10, 0ar
Jm=l

for all A and ¢, £¢=<1. The sample functions of the process x(t) are almost all
continuous and this plus the dominated convergence theorem implies that g
is continuous in the pair (A, £). Writing d/dt for the right hand derivative we
have

d . (e — 1)
Eg(k, t) = 61113 [ f dof (N, t)—T—dP

. " (ei)‘Gz — 1)
- '( 2 Am(t) + )\m(t))ff()\, t) — apP

j=1

- (m(t + 8) — m(9)
—a A f O\, HdP

Nz l
— i\(m(t + 8) — m(f)) f ) (i-—s—-—)dP]-
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The first term is

hm — f $ofO\, 1) [o. f ‘“a(r, S s+ f iy

- %’( f‘ ‘“a(f)dy(f))'] ip

= f #ufO%, Dalt, =(D)dP

t+8

+ llm — dr f I\, ) [m'(r) — m(r)as(r, 2(r))]dP
AP i+ m'(r) — m(r)as(r, 2(r))
- .lﬂl» 5 o¥(r)dr f T ) [ f . dy(r)] JP

using dominated convergence to get the first subterm and properties of the
stochastic integral to get the other two. Further

um L f O, Dl (r) — m(r)aslr, 5()))dP

-0t
- 33:3 7 ms+8) = m®) [ 0, 0aP = ant) [0 Dasts, 0)aP

and
. A ¢ m'(r) — m(r)as(r, x(7))
- ‘11.? 2] ° (dr f fQn, t)[ f. e dy(r)]dP
—2o2(f)

f O, DéodP.

A similar calculation shows that

lim ff()\ z)(mz— b

dP = i\ f O Dt ()aP — 2() f FO)dP.

Incorporating these in the original formula gives

22()

=400 = €0, + s [ o0, Datt, 50)aP
— m(d) f 7O\, Daslt, #())dP

ix( 3 ame) + mn(t)) [ 10,00t zrap.

j=1
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Using the Fourier transforms of a and a, and interchanging dp and dP integra-
tions gives

d © xi 2
=7 g\, 2) = i\ f_ﬂg()\ + u, ) Aw, t)dp — ”2(1)‘ g\, 0.
Since |g(\, #)| SB+C|\|
d —_— " A2g?
:i;(l g\, 0) |2) = 2 Reirg(\, 8) f_ﬂg()\ + u, ) A(u, t)du — 2(0 | g\, 0) Ii

A2e?
< (BN +Ci N D] g0 0| - | e, 02

Suppose now n=0 so that |g()\, O)I =0. If, for fixed A, |g()\, t)| takes its
maximum at ¢{(\) >0 and not before, then every interval to the left of ¢(\)
contains a point where the right hand derivative of Ig()\, t) | ? is non-negative;
in particular this must be so for the ¢ where | g, t)l is a minimum for this
interval. At each of these points |g(\, £)| S Ba+G|\| -1 from the above in-
equality, and since maxl g\, t)l is a limit of these this inequality holds at all
points of the interval. This implies that g(A, ¢) is bounded so that h(z)
=supx | g(\, )| is a bounded measurable function and

d €2
= (| g 012 = Bs| Agr, 0) | B() — 5 | a0 |2

Now by a similar argument |Ag(\, #)| SBih(t) Bs so that d|g(\, #)|*/dt
<B.h*(t). It also follows from this that & is continuous since |h(t)—h(to)|
<2Bg/|No| + | suppisiat |2, )] —supinisin |2\ L) | | and this can be made
arbitrarily small by choosing first I)‘°| large enough and then ¢ close enough
to ¢ since the function suppjsp |gQ\, #)| is continuous. Now it is easily
shown that |g(\, #)| 2= Cifgh?(s)ds so that k*(¢) < C.fgh?(s)ds and hence that
h=g=0. If we have proved that g\, £) =0 for n < N, then g(\, tv) =0 and the
argument above can be used on the interval [tv, 1] yielding an inductive
proof that g(\, £)=0.

The above argument proves the lemma for f(x) =7(x(t), - - -, %(ts))
when f =exp{iz,- )\,-x,-} and it follows from this, for any @ and b, that
JrdafpoTofdP = [(Tyf — Tof)dP for such f. An application of Fubini's theorem
extends this relation to all ; whose Fourier transforms are bounded and
compactly supported, and hence to the algebra generated by these functions
and the function 1 for which the lemma holds trivially. By the Stone-Weier-
strass theorem such functions are uniformly dense in the algebra of functions
continuous on R* and at ®, so the integrated relation holds for all such
functions. Since any fin F can be approximated by a uniformly bounded set
(f») of continuous functions of compact support converging at every (finite)
point to f this relation holds for all of F. The proof is now completed by
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differentiating this relation with respect to b which can be done since T.f is
L, continuous for f in F. ’

Lemma 1 also holds for the conditional expectation of ¢ on the field
generated by the x(¢) for ¢ in [0, 1] which we shall call ¢. For every f in F
and a 20 the operator Vy(a) defined by

Vi(a)g = exp {% fo °T_afdﬁ} T

takes F into itself and satisfies Vy(a) V;(B) = Vy(a+B) and V,(0)=1. It is
easily shown using Lemma 1 that

2 [ v = [ (% - ¢) VieedP.

LEMMA 2. For any N there exists a sequence (f,) from F converging to
min(¢, N)=¢n in Ly(P) and satisfying sup faSN. For any such sequence
(f»),any gin F,and any a 20 the sequence V;, (a)g has a unique limst Dy(a) T_og
in Ly(P). This convergence for fixed g is uniform in o on every finite interval.

Proof. Since F is dense in L(P) there is a sequence (g.), ga(x)
=.(x(t), - - -, x%(¢;)) from F converging to ¢x. Then min (g., N) also con-
verges to ¢y and the desired sequence can be gotten by convoluting
min (2., N) with a sequence (e.) of functions having bounded second deriva-
tives and supports contained in sufficiently small neighborhoods of 0. It will
be sufficient to prove the remainder of the lemma for g=1. Setting V,(a)1
= D/(c), we have

(% f | Dr.(a) — Dro(a) |%dP
_ é"’; [ (1@ = 2D1s(@) + Du@lap
- f [(f» = ®)Duy(@) = (fo + fu + 20)Dppssa(@) + (o 8) Dyn(a))dP
= f [(f» = éw) + @x — ][ Dy,() — Dy ()]

+ [ Un = 1) (Pus(@) = Diisn(eap
< (7 = onll + [l = full 14

which implies Lemma 2.
LEMMA 3. || Dx(e) T-ag|| <|lgl| for any g in F. If Vi(a) is the extension of
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this operator to Ls(P) then V() is a strongly continuous semigroup satisfying
[ Vaall s1.

Proof.

9 :
= [ 1 va@slar = [ G~ 9@ @@nep
= |7 — onlle¥esup | g(@)|

and this implies the first assertion. It is easily shown that Vj, (a)g is strongly
continuous for any g in F and this plus uniform convergence in « implies the
strong continuity of Vy(a)g for g in F, but since F is dense in Ls(P) and
” VN(a)" =1 this is sufficient to prove the strong continuity of V(). Finally
forgin F
[Va(@)Vn(B)g — Vala + Bl = [[Va(@)VnB)g - V@)

+[[(Va(@) = Vi@ Vi@l + Vil + B — Vala + Bl

= |[vw®)e = Vi@)ell + ¢ sup| g=) | [|[Vale)t — Vi, (@)1]]

+ [|Vila + B — Vala + B,
which can be made arbitrarily small and this trivially implies the semigroup
equality for all elgments of L:(P). ‘

On F define Axf=(1/2)¢xf—Df and Af=(1/2)¢f—Df, and let Ax and

A be their respective closures.

LEMMA 4. Ay 1s the generator of Vn(a) and for any N>0, f in F and finite
aandbd

(N — 4y) f bc"‘"‘VN(a)fda = e *Vy(a)f — e VN ().

Proof. [le==*V, (a)gda is in F and converges to [e~**Vy(a)gde for all g
in F. We have

b
- AN)f e‘“*V,,,(a)gda

a

l b
- (=) f =V, (a)gda + eV, (a)g — PV, (B)g

— e Vx(a)g — e Vn(b)g

since

b
< “fu - dw”f e~ eV supl g(x)| da— 0.

b
o= 0) [ eV (@gde

Let 4 be the generator of Vy(a) and suppose that N> N, then as a—0 and
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b— o in the above we get A\ —Ax)(A—4)~'g=g for all g in F and hence for
all g and this implies that Ax contains 4. Finally, for g in F

Va@g = ¢+ lim [ V.@[0/20¢ - Delds

e+ lim [ Va®[0/26n - Deldn

n—> 0

=g+ j; Vn(B) Angds

so Ag=lim..o ((V~(€)g—g)/€) =Ang, which shows that 4 contains Ay and
completes the proof. ‘ o

LeMMA 5. Vn(a) converges strongly to a strongly continuous semigroup V(a)
with generator A.

" Proof. It is easily seen that Vy(a)l is a nondecreasing set of functions
and since [Vn(a)1dP<||Vn(a)1| S1 it converges almost everywhere. This
implies that Vy(a)f converges for all fin F and this plus the uniform bounded-
ness of ” VN(a)H implies that all V(a)f converge. If limy., Vn(a)f= V(a)f,
then [|[V(@)fl|<|lfll and [|V(a+8)f—V(e) VO =|| V(e+B)f— Vi(a+B)fl
+|| V() (VN (B8) — V(ﬂ))f” +||(Va(e) = V() V(B)f || can be made arbitrarily
small. For fin F

V@) = f + lim “V(8) Anfd8
— 0
=f+ lim aVzv(,B)Afdﬁ
) N—oo 0 ,

—f+ f "V(8) Afas

which shows that V(a)f is strongly continuous for f in F and hence for all f.
This equation also shows, as in the proof of Lemma 4, that the generator of
V() contains 4.

Now if Ky is any sequence which converges to «, KNe~a*Vy(a)fda con-
verges to [ge~**V(a)fda. The proof of the lemma will be complete if we can
show that (\—A) f[ee~*V(a)fda=f for all f and this will be implied if we can
show it for fin F.

\— 4) j; KNe“'"VN(a)fda

1 R
=S @v -9 f N n(a)fde — EPV(KN)f + 5.
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Since the second term goes to 0 it will be sufficient to show that [|¢~x—¢||
J¥ee¥ sup |f|da goes to 0 for some Kx converging to «. If (¢o)n is the
original ¢o chopped at N then the conditional expectation of (¢o)¥ on the
field generated by the x(¢)’s is less than or equal to ¢» so “q&—dm"
<|[o—@o)r||. We bave go=y+n(1) where ¥=[fi(m'(s)/a(s))dy(s) and
1) = — [o(m(s)as(s, %(s))/a(s))dy(s). Since 0=¢o—(do)aw SY—¥n+n(1)
—nn~(1) the two pieces can be handled separately. ¢ is a Gaussian random
variable so ||y — ¢l < eB¥ for some B > 0. Also setting  F(¢)
= —m(t)az(¢, x())/o(t) and defining £(f) to be 1 if [{F(s)dy(s)2N and 0
otherwise we have

n(®) — ) = f FOE6dS).

Hence, using | F(t)| =C,
Pa® 2z N+1) = E(| () — w(® [9)

- BE @) S O ) "Pln(s) = N)ds
0 [)

and this relation plus P(n(f)=0)=<1 vyields by induction P(n(f)=N)
S (AH)¥/N\. This gives
4 ANer

5
1—N)2 S ——
ol (k+1-N)

lln(1) — (| = X =W -2

k=N
and by Stirling’s formula this goes to 0 like ¢P¥ log ¥ for some D.

THEOREM. Under assumptions (1), (2), and (3):
(i) The measures P. are mutually absolutely continuous.

(i) (T.) can be extended to a group of measurable linear transformations on
all measurable functions preserving bounds and satisfying Ta(fg) = (Taf)(Tag).
(iii) log dP./dP = [3T_spdB for any measurable version of T_gp.

(iv) V(a)f=(dP./dP)V*T_.f is a strongly continuous unitary group
with generator A.

Proof. Since A generates a semigroup the range of ¢4 —4I is all of Ly(P).
A similar argument using f’.=vT_,. and ¢= —¢ will prove that the range of
1A +4I is all of Ly(P). These facts plus the symmetry of ¢4 show that ¢4
is self adjoint and this proves (iv). The proof of (i) follows from this for if (fa)
is a sequence from F decreasing to 0 almost everywhere with respect to P,
then T.f. decreases to 0 almost everywhere with respect to P and [ fa| %dPs
=[| T ()| 24P = [| VB—aTsfa|2dP = [D(B—a)?| Tufa| 2¢P—0 by the domi-
nated convergence theorem. The extension of T, to all functions measurable on
the extended field is now straightforward. To prove (iii) assuming a >0, choose
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a uniformly bounded sequence (fs,x) from F with lima., fa,n =@~ x almost
everywhere where
N if ¢(x) > N,
onu(x) = {¢(2) if —M S ¢(x) S N,
—M if ¢(x) < — M.
Now [f3T_sfa,udp converges on n to foeT_spn,udf in Li(P) so a subsequence

converges almost everywhere. # can be chosen as a function of M to make the
sequence faa,u converge to ¢y in Ly(P) and

XP —BIn(M) M . - ©,

Thus

Di(a) = lim exp {% ) aT—af-m.udﬂ} = exp {—3— ) “T_mdn}

D(a) = [%] . = lim exp {-;—I;GT_MMB} = exp{-zl-f:T_,cbdﬁ} .

The restriction in the above theorem that ¢ not depend on x(¢) seems es-
sential for without it one is led intuitively to the formula

L m()as(t, 2(0)y' () L' (5) — m(@)aslty 2(0)
-f Ly + f o dy(®)

and the first integral is rather strongly “divergent.”

The technique used in this paper was suggested by the solution to the
corresponding problem where x(f) is a Gaussian stochastic process. There,
if R(s, t) =E(x(s)x(¢)) is the autocorrelation function for x(¢#) and if m(s)
= [3R(s, t)dF(¢) the infinitesimal generator again has the form Af=(1/2)¢f
— Df where now ¢(x) = [3x(t)dF(#) [2]. We hope in future papers to apply this
technique to other similar problems.

and

&(x)
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